A consistent statistical description of kinetics and hydrodynamics of dusty plasma is proposed based on the Zubarev nonequilibrium statistical operator method. For the case of partial dynamics the nonequilibrium statistical operator and the generalized transport equations for a consistent description of kinetics of dust particles and hydrodynamics of electrons, ions and neutral atoms are obtained. In the approximation of weakly nonequilibrium process a spectrum of collective excitations of dusty plasma is investigated in the hydrodynamic limit.
I. INTRODUCTION
The study of nonequilibrium properties of dusty plasma is relevant in the fields of controlled thermonuclear fusion, nuclear reactors, plasma-dust structures [1] [2] [3] , low-temperature plasma [4, 5] etc. The difficulties in describing such systems with inherent processes of selforganization and structuring are related with a large asymmetry in size, mass and charge of components (electrons, ions, neutral atoms and dust particles), effect of neutral particles ionization as well as with adsorption of neutral particles onto the surface of dust particles.
In review [6] an important analysis of specific properties of dusty plasma including changes in charge of dust particles under the influence of electrons and ions flow is given in comparison with the classical (electron-ion) plasma. Herewith, some features of dusty plasma are manifested. For example, the one is that the own energy of dust particles can be changed by plasma flows and another is that in the potential electric field, force acting on dust particles is not potential, therefore, vortex dust motions can be excited. The charge of dust particles is not fixed and depends on the plasma flows on their surface. Herewith, convergence or removal of dust particles leads to the changes in plasma flows. This, in turn, leads to a consistent change in charge of dust particles and to a possible change of sign of interaction energy, in particular, to attraction between negatively charged dust grains [6, 9] what, in turn, leads to the formation of dust plasma crystals [2, 4, [6] [7] [8] This is provided by the plasma flows which serve as a mechanism of accumulation of positive charge of ions between the negatively charged dust particles.
Complex electromagnetic processes of charging and recharging of dust grains, which entail the appearance of dust particles with a large electric charge, as well as electron-ionic transport processes demand the development of the theory of effective screening potentials of interaction between particles [10, 11] . In such a system kinetic and hydrodynamic electromagnetic processes should be described consistently. Keeping this in mind the kinetic theory of dusty plasma was developed be various authors [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
In particular, a statistical theory of dusty plasma was formulated in Ref. [14] , where the microscopic equations for phase densities and BBGKY hierarchy for the nonequilibrium distribution functions of electrons, ions, neutral atoms and dust particles were obtained. On this basis the kinetic theory of electromagnetic fluctuations in dusty plasma was developed in Ref. [26] and it was shown that such a description leads to the dependence of the ef-fective cross section of dust charging in wave vector. This reflects the influence of plasma inhomogeneity effects. One of the main problems consist in the investigation of charge fluctuations in dusty plasma. Important results in this field were obtained in Refs. [27] [28] [29] . In particular, in [29] charge fluctuations in dusty plasma were studied by means of the Brownian dynamics computer simulations within the drift-diffusion approximation. Influence of emission on charge and effective potential of dust grain in plasma at different intensities of external source of ionization were investigated using numerical methods [30] as well. The kinetics of atom-ion scattering processes in dusty plasma was studied in a recent paper [31] based on the model collision integrals.
A number of papers by Tsitovich and De Angelis [20] [21] [22] [23] [24] [25] were devoted to kinetic description of dusty plasma by means of the Bogolubov-Klimontovich approach. Here, dusty plasma is considered as a system of interacting ions, electrons, dust particles in the surrounding of neutral component (atoms), which is not taken into account explicitly. A special feature of such an approach consist in considering plasma flows onto dust particles using the charge of dust particles as additional variable [20] . Thus, The study of time correlation functions and transport coefficients, in particular, viscosity, heat conductivity, thermodiffusion, as well as ionic and electronic conductivity of dusty plasma being an open spatially inhomogeneous system [35] is another important problem.
Since dusty plasma is characterized by large asymmetry in size, charge and mass of the components, obviously, the dynamics of each component in transport processes is corresponding. That is to be expected that the time correlation functions "density-density", "momentum-momentum" as well as transport coefficients of viscosity and heat conductivity for each component, ionic and electron conductivity have its inherent time and spatial behavior. This behavior latter is affected by kinetic processes related to the dynamics of dust particles.
In the present work, we propose a consistent description of kinetics and hydrodynamics of dusty plasma by means of the Zubarev nonequilibrium statistical operator (NSO) method [36, 37] . We consider description of the system in terms of both partial and conservative dynamic variables without taking into account processes of ionization and atoms adsorption onto grains surface. In the second section the nonequilibrium statistical operator is built and based on it the set of transport equations for a consistent description of kinetics of dust particles and hydrodynamics of electrons, ions and neutral atoms was obtained.
In Sec. III we consider the case of weakly nonequilibrium processes, there the system of equations for time correlation functions was received and analyzed. In Sec. IV by means of the perturbation theory for collective excitations [38, 39] a spectrum of collective modes in the system is investigated in the hydrodynamic limit. The obtained results are shortly concluded in Sec V.
II. NONEQUILIBRIUM STATISTICAL OPERATOR AND TRANSPORT EQUA-

TIONS
Let us consider dusty plasma as a system of N e electrons, N a atoms of species a, N i ions of species i and N d dust particles that interact. Hamiltonian of such a multicomponent system can be presented in the form:
where
is the Hamiltonian of electron (e), ionic (i), atom (a) and dusty (d) subsystems, respectively.
is the internal energy of grains, Z s=d is their valency and a s=d is their size;
Here, p α is the impulse of particle α = e, i, a, d, A( r; t) is the vector potential and ϕ( r; t) is the scalar potential of electromagnetic field induced by charged particles. Expressions for potentials of interaction V αα as well as for interspecies energy of interaction V ei , V ea , V ed , and size a ≈ 5 ÷ 10 µm of dust particles. Since dusty plasma is composed of particles with large asymmetry in masses and charges the characteristic times of appropriate subsystems will differ significantly. It is important to note the features of dusty plasma related to the fact that large charge of dust particles (which is not constant and depends on plasma flows on the grain surface) lead to the emergence of collective plasma flows, influence of which is comparable or even larger than influence of electrostatic field [6] . Beside this, the internal energy of grains
exceeds much their kinetic energy and average energy of their interaction. In the potential electric field, forces acting on dust particles are not potential: That is why as a reduced-description parameters of such a nonequilibrium state it is suitable to chose partial variables: averaged values of densities of particles number, momentum and energy of electrons, ions and atoms for the description of hydrodynamic state
Here, we introduce the notation ...
is the microscopic number density of particles of species α = {e, i, a};
is the microscopic momentum density of particles of species α;
is the microscopic energy density of particles of species α.
For the description of kinetics of dust particles we can chose the nonequilibrium distribution function
is the microscopic phase density of charged grains, which takes into account changes in mass and charge of particle in the charging/recharging processes. The set of partial dynamic variables allow us to study processes of kinetic origin, for example, relaxation processes related to the difference of partial temperatures of subsystems. This is especially important beyond the hydrodynamic regime. Such relaxation processes cannot be investigated using the set of conservative variables. 
The electric end magnetic fields connected with the scalar and the vector potentials induced by the charged particles:
As we can see from the structure of equations (2.9)-(2.12), the parameters of reduced de-
field-particle transport processes are interconnected and should be considered consistently.
Moreover, coordination of hydrodynamics of electrons, ions and atoms with kinetics of dust particles occurs not only through the generalized transport equations, but also in the formation of electromagnetic field (2.10), (2.12) [40] . [36] . This method allows us to write down ̺(t) in a general form: 15) where iL N is the Liouville operator corresponding to the Hamiltonian (2.1);
is the generalized evolution operator with regard to pro-
is the generalized Kawasaki-Gunton projection operator, whose structure depends on a form of a quasiequilibrium statistical operator ̺ q (t). Within the NSO method, ̺ q (t) is derived from the extremum of an informational entropy at the fixed values of the reduced-description parameters (in our case Eqs. (2.3), (2.7)) including the normalization condition dΓ̺ q (t) = 1:
where a new variable ξ = ( p, Z) is introduced, Φ(t) is the Massieu-Planck functional determined from the normalization condition for ̺ q (t):
β α ( r; t) is the inverse local temperature for subsystem α; v α ( r; t) is the hydrodynamic velocity of component α; ν α ( r; t) = µ α ( r; t) + Z α eϕ( r; t); (2.18) ν α ( r; t) is the electrochemical potential of ions and electrons (at α = i and α = e, respectively), ϕ( r; t) is the electric potential, whose gradient determine a longitudinal component of the electric field induced by ions, electrons and dust grains:
µ α ( r; t) is the local chemical potential of component α. The local thermodynamic parameters {β α ( r; t), v α ( r; t), ν α ( r; t)} are determined from the self-consistency conditions:
2n α ( r) is the local value of energy in the reference frame moving together with a system element of the mass velocity v α ( r; t). These parameters satisfy the corresponding generalized thermodynamic relations.
The parameter a d ( r, p; Z; t) is conjugated to n d ( r, p, Z) t and is determined from the selfconsistency condition
Taking into account a structure of ̺ q (t) the generalized projection operator P q (t) can be presented in the form:
The operator P q (t) possesses the following properties:
) we obtain the nonequilibrium statistical operator of dusty plasma:
is the generalized flow of energy density;
is the generalized flow of momentum density;
is the generalized flow of microscopic density of dust particles.
In Eqs. (2.24)-(2.26) the generalized Mori projection operator P(t) has the following structure:
Herewith, P(t)P(t
Using the NSO ̺(t) we can obtain the set of transport equations for the reduceddescription parameters. Let us present it in a matrix form:
and
A( r; t) , β α ( r; t), a d ( r, p; Z; t) are the vector-columns;
is a block matrix within whichφ I A I A are the matrices of the generalized transport kernels, 30) where diagonal elements are the transport kernels determining the generalized viscosity coefficients of electrons, ions and atoms; nondiagonal elements are the transport kernels describing the dissipative correlations between flows of momentum density. Similarly, in the
the diagonal elements are the transport kernels determining the generalized heat conductivity coefficients of electrons, ions and atoms subsystems; nondiagonal elements are the transport kernels describing the dissipative correlations between flows of energy density of particles.
Correspondingly, the transport kernels of matricesφ IεI ( r, r
dissipative correlations between the generalized flows of momentum and energy of electrons, ions and atoms. The transport kernels of matricesφ is the column-vector,
is the row-vector, andĨ( In our approach, effects of adsorption/desorbtion of electrons, ions and atoms at the grain surface as well as processes of clustering of dust particles can be described by means of the nonequilibrium correlation functions
and Ĝ dd nn ( r, ξ; r
Generally speaking, taking into account the fact that electrons are localized on the grain's surface, such a description should be conducted at quantum level. Then, in the abovementioned correlation functions,n d ( r, ξ)
andn α ( r ′ ) are the density operators of particles of corresponding species. In particular,
are the operators of creation and annihilation of atom in the state ν on the grain's surface, whereaŝ Ψ + j s ( r) andΨ j s ( r) are the operators of creation and annihilation of electron in state with spin s. The ion interacting with the electron from the dust particles surface create the atom, which can be in the adsorbed state on the surface or can desorb into ion-electron-atom subsystem until next ionization. From this point of view, a quantum nature of interaction of ions, electron and atoms with the electron surface of grain should be taken into account in the Hamiltonian (2.1). Similar problems appear in the theory of catalytic processes [42] .
Then, quasiequilibrium statistical operator (2.16) will have the following form:
and the transport equations (2.28) will contain the nonequilibrium correlation functions Ĝ dα nn ( r, ξ; r
The parameters µ dα ( r, ξ; r ′ ; t), µ dd ( r, ξ; r ′ , ξ ′ ; t) are determined from the corresponding self-consistency conditions: Ĝ dα nn ( r, ξ; r
t q and can be defined as spatially-temporal chemical potential of corresponding "dimers". This issue needs a separate study. 
Further, we use Fourier transformation. Then, excluding parameters δF A ( k; t) from Eq. 
where δÃ k (x) 
Here, in particular,Φ
is the matrix of the equilibrium correlation functions "density-density" for electrons, ions and neutral atoms Φ
is the matrix of the equilibrium correlation functions "momentum-momentum" Φ αγ
is the matrix of the equilibrium correlation functions "enthalpy-enthalpy" for electrons, ions and neutral atoms Φ
is the generalized enthalpy of subsystem α.
is the equilibrium correlation function "phase density -phase density" for dust particles.
Herewith, the inverse function Φ
is orthogonal to the partial hydrodynamic variables, and it appears as a result of excluding the thermodynamic parameters:
P H is the hydrodynamic part of Mori projection operator (3.11).
In approximation Eq. (3.2), the nonequilibrium statistical operator (2.23) has the following form:
where T 0 (t, t ′ ) = exp{(t ′ − t)(1 − P 0 )iL N }, P 0 is the Mori projection operator for weakly nonequilibrium processes, which acts on dynamic variables as follows:
It possesses the properties P 0 (1 − P 0 ) = 0, P 0Ã k (x) =Ã k (x). As we can see, the NSO is a functional of the averaged values Ã k (x) t and the generalized flows (1
Using ̺(t) Eq. (3.10) we can obtain the set of equations for Ã k (x) t [37] . We present it in a matrix form:
Here,
is the frequency matrix, whose elements describe the static correlations between densities of particles number, momentum end energy of each component of dusty plasma.
is the matrix, whose elements are the transport kernels (memory functions), describing dissipative processes in dusty plasma, namely, diffusivity, viscosity and heat conductivity.
is the matrix with elements describing viscous processes, in particular, ϕ 
is the matrix with elements describing heat conductivity processes, namely, ϕ 
will also satisfy the equations (3.12):
In particular, the matrix of the time correlation functions "density-density"Φ nn ( k; t) is connected with the matrix of partial dynamic structure factorsS( k; ω)
.
(3.19)
Applying the Laplace transformation to the matrix equation (3.18) we obtain 20) where s = ω + iε.
It is worth noting that for the variable A k (x) =N k ( p, Z) in the set of transport equations an integration over p and Z is present
The relation det|zI − iΩ AA ( k; s) +φ 0 AA ( k; s)| = 0 determines the collective excitations in dusty plasma caused by electron, ionic and atom interactions. Each component has its own role in sound spreading, in processes of electroconductivity, heat conductivity, and polarization processes. It manifests in processes of appearing/disappearing of ordered structures, in polarization processes in dusty plasma through the partial dynamics structure factors Eq. (3.19) and the "charge-charge" structure factor for grains
IV. COLLECTIVE EXCITATIONS
A considerable asymmetry of dusty plasma in charges and masses makes its description natural in terms of partial dynamics. However, when the concentration of grains is small and its dynamic can be considered at diffusion level, and for the case of isothermal plasma when temperature of all components is close, we can describe dusty plasma based on the conservative variables. In particular, we can include into the set of the reduced-description parameters the averaged values of Fourier components of partial number densities, total momentum and total enthalpy. The dust particles subsystem we will again described by a kinetic variable. The choice of such variables is caused by the fact that further we are interested in collective excitations of the system in the hydrodynamic limit and such a description is common for description of multicomponent liquids. Thus,
are the Fourier components of particles number density of species α and total momentum density, respectively,ĥ
are the Fourier components of generalized enthalpy density, and
are the Fourier components of total energy density, where
For these parameters of a reduced description we can obtain a set of transport equations analogous to Eq. (3.12). However, now the kinetic variableN d ( k, p, Z) is defines by the expression similar to Eq. (3.9) 
t for the grains is a function of impulse and charge which change in the charging/discharging processes): 
The calculation of collective modes reduces to finding the eigenvalues of this matrix.
Since it is difficult to obtain exact analytical expressions for eigenvalues of matrix (4.4) we use approximate calculations. Conventionally, in the limit of small k, eigenvalues can be found as a series over wave vector z = z 0 + z 1 k + z 2 k 2 . On the other hand, when certain cross-correlations are small the perturbation theory for collective modes [38, 39] can be developed. Herewith, for the sake of simplification of calculations it is convenience to pass from variables (4.1)-(4.2) to the completely orthogonal set of variables: 
Here, we extract the dependence of the frequency matrix and the matrix of memory functions on the wave vector in the hydrodynamic limit:
AA . D αγ are the corresponding diffusion coefficients, φ 
Perturbation theory on correlations
According to the perturbation theory for collective modes [38, 39] , in order to calculate collective excitations in the zero approximation we chose the matrix in the following form:
Such a choice is caused by the fact that dynamic variablen 3 is related to the particles number density of neutral atoms (see (4.6)), concentration of which is 5-7 orders of magnitude larger than ion and electron concentration. Respectively, the neutral component is the most energyconsuming and its contribution to the momentum density is the basic. That is why, the role of the neutral subsystem in the sound spreading is determinative. Visco-thermal correlations as well as correlations related to the dust component (due to small concentration) supposed to be small and can be taken into account as a perturbation.
Thus, in the zero approximation we obtain the spectrum of collective excitations and corresponding eigenvectors, namely:
-two relaxation modes due to diffusion of plasma particles
-complex conjugated sound modes
where c 0 = ω
Jn ω
is the isothermal sound velocity,
is the sound damping coefficient in the zero approximation;
-relaxation heat mode
-relaxation mode related to diffusion of dust particles
The cross-correlation define the perturbation matrix
Now we can calculate the corrections to collective modes caused by the weak crosscorrelations. According to [38, 39] , such corrections equal to zero in the first order in perturbation, and in the second order are determined by the formula 15) herewith, β runs all possible values but never equals α. δT αβ is the perturbation matrix in representation of eigenvectors of matrix T 0 (k). δT αβ = (x α δT x β ) = i,j x * i,α δT ij x j,β , and the conjugated matrix is determined by the relation δT * αβ = i,j x * i,β δT ij x j,α . When the necessary elements δT αβ are calculated using Eqs. (4.10)-(4.14) and taking into account the zero order results for collective modes Eqs. (4.10)-(4.14), we can calculate the desired corrections. For diffusive modes they have the form
for sound modes we obtain
(1)
; the correction for heat mode
the correction for mode describing dust particles dynamics
Now we are ready to write down the analytical expressions for collective excitations with corrections. Thus, diffusive modes have the following form
Sound excitations are as follows:
Heat mode has the form
For relaxation mode for dust particles we obtain
Analyzing the obtained results we can see that taking into account cross-correlations slightly modifies the collective modes of the system. Thus, contributions from dynamics of dust subsystem effect the sound velocity and coefficient of its attenuation in the system. Considering cross-correlations is manifested on the relaxation modes for dust particles. Herewith, dynamics of grains does not effect diffusive and heat modes. Considering cross-correlations we can take into account the dynamics of all components, in particular dust component, in the process of sound spreading and attenuation. It is worth noting that sound modes in the second order in correlation are now not complex conjugated (due to [ω N N (ξ) ∓ c 0 ] in Eq. Neglecting the contribution from the dust subsystem we can reproduce the well-known expression for collective modes in multicomponent system within the hydrodynamic description [43] . Within the description in terms of partial dynamics, besides modes mentioned above, we also obtain relaxation excitations of kinetic type related with interspecies interaction.
V. CONCLUSIONS
In summary, in the present paper we proposed another approach to the description of such a complicated system as dusty plasma based on the Zubarev NSO method. Since the subsystems of dusty plasma are in different states, such an approach allows us to take into account consistently kinetics of dust particles and hydrodynamics of electrons, ions and neutral atoms. Within the partial dynamics we constructed the nonequilibrium statistical operator of duty plasma and using it we obtained the generalized transport equations, which consistently take into account kinetic and hydrodynamic processes in the system. For the case of weakly nonequilibrium processes when the deviations of the nonequilibrium thermodynamic parameters from their equilibrium values are small, the set of transport equations is obtained. Analogous system of equations can be obtained for equilibrium time correlation functions built on the dynamic variables of a reduced description. In such an approximation this set of equations is closed.
Alternative to partial variables can serve variables of partial number densities, total momentum and total energy (enthalpy) densities. Such a set of variables can be used when investigate a spectrum of collective excitations of isothermal plasma in hydrodynamic limit. since investigation of collective modes in terms of partial variables is more suitable beyond the of hydrodynamic region. Using the perturbation theory for collective modes in correlations we found a spectrum of collective excitations of dusty plasma. Herewith, in the second order in perturbation in diffusive and heat modes the terms connected with interaction of plasma particles and dust component do not appear. Considering the dynamics of grains is manifested in the renormalization of sound velocity and dumping, and the latter are different for both modes. Neglecting the correlations with dust subsystem we can reproduce the well-known expression for collective modes in multicomponent system [43] .
Introducing the normalized static correlation functions
we obtain
Further, we calculate contributions into the correlation function
Taking into account Eq. (A.9) it easily to show that
Finally, we obtain Function inverse to Φ N N ( k, ξ, ξ ′ ) we find from the condition
The final result is
In the case of conservative variables, for Φ Thus, we obtain for the following elements:
nJ (k) = iΩ Here, we use the following notations: where D ll ′ are the diffusion coefficients.
The transport kernels φ Further, we calculate the correlations between plasma particles and the grains subsystem.
For coefficients φ where φ nn (ξ, ξ ′′ ) is a "pure" diffusion coefficient in momentum space for dust grains.
For element iΩ N N = ikω N N we can obtain
The last functions to be calculated are 
